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We have investigated thermal and electrical Hall conductivities for nominally pure and impurity-doped iron
to examine the skew-scattering-induced anomalous Hall effect in the low-temperature clean-limit regime. In
Fe, Fe0.997Si0.003, and Fe0.97Co0.03, we have observed the steep change in the electrical and thermal Hall
conductivities below 100 K. The abrupt change in the Lorenz numbers for the anomalous Hall component �Lxy

A �
that includes even the sign change signaling the opposite flow of charge and heat currents is also observed
around the crossover temperature of Hall conductivity. These observations indicate the emergence of the
dissipative anomalous Hall current induced by the skew scattering below 100 K.
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Among many important transport phenomena related to
electronic spins, spin Hall effect �SHE� and anomalous Hall
effect �AHE� are of renewed great interest.1 The SHE is the
emergence of transverse spin current upon the application of
longitudinal electric field. In ferromagnets, the up and down
spin population is unbalanced and the charge current also
flows transversely, which is denoted as AHE. There are sev-
eral mechanisms proposed for the AHE and SHE. Mecha-
nisms of skew scattering and side jump are relevant to the
scattering affected by the spin-orbit interaction.2–4 The skew
scattering is caused by the direction change in the scattered
electron, while the side jump by the position change. On the
other hand, Karplus and Luttinger5 described the perturba-
tion approach; that even without any scattering the longitu-
dinal electrical field can induce the transverse velocity of
electrons owing to the effect of spin-orbit interaction on the
Bloch electron. Recently, such an intrinsic mechanism irrel-
evant to the scattering has been theoretically reinterpreted as
induced by the Berry phase of the Bloch electron in k
space.6–8 In general, the adiabatic change in parameter gives
rise to the Berry phase when Hamiltonian depends on the
parameter. Since the energy of Bloch state is determined by
the momentum k, the band electrons acquire the Berry phase
in the k space. The Berry phase theory for AHE suggests that
the Hall conductivity is proportional to the integral of the
Berry phase curvature over the occupied states.

While recent theoretical and experimental works show
that the AHE can be well explained by the Berry phase
theory in most cases, Onoda et al.9 theoretically showed that
the skew-scattering mechanism should be dominant in the
clean-limit regime. This is because the Hall conductivity
caused by the skew scattering increases linearly with the
mean-free path while the Hall conductivity due to Berry
phase is independent of scattering rate. Miyasato et al.10 in-
vestigated the AHE for nominally pure Fe to explore the
clean-limit regime. They observed some crossover in this
regime and assigned it to the intrinsic to extrinsic crossover
of AHE. This kind of crossover behavior of AHE was al-
ready reported in literature of decades ago.11,12 Nevertheless,
the extrinsic skew-scattering-induced AHE could hardly be

analyzed quantitatively because of the difficulty in discrimi-
nating it from the magnetic-field-nonlinear normal Hall con-
ductivity in this region.10 The purpose of the present study is
to identify the skew-scattering-induced AHE and examine its
nature in terms of the Lorenz number for Hall conductivity.

The key to distinguish both mechanisms of AHE is to see
the dissipation effect; the intrinsic AHE independent of scat-
tering events should be dissipationless in nature, while the
extrinsic one should show more or less the energy dissipation
at finite temperatures. The dissipation effect in charge trans-
port phenomena can be probed with use of the Lorenz num-
ber L.13 The L is the ratio of thermal ��� to electrical con-
ductivity ��� divided by temperature �T�; namely, L=� /�T.
At T=0, the Lorenz number coincides with the constant L0
=2.44�10−8 W� /K2 prescribed for free-electron system,
exactly obeying the Wiedemann-Franz law. As the tempera-
ture is increased, the Lorenz number usually decreases since
the thermal current is more effectively suppressed than the
electrical current by inelastic scatterings. This is because the
inelastic scattering even with a tiny change in momentum
affects the heat current but hardly the electric current. There-
fore, the deviation of L from L0 measures the influence of the
inelastic scattering on the electronic transport. The Lorenz
number for Hall conductivity,14 defined as Lxy =�xy /�xyT, can
genuinely probe the electronic transport �no phonon contri-
bution�. In this Rapid Communication, we have studied the
electrical and thermal Hall conductivities for nominally pure
and impurity-doped Fe to argue the intrinsic vs extrinsic fea-
tures of AHE in terms of Lorenz number.

We used a commercially available specimen of Fe �Nilaco
Co., 4N purity; major impurity is Si of 16 ppm�. The inten-
tionally impurity-doped specimens were made by arc melting
in argon atmosphere. These specimens were cut into a
rectangular parallelepiped shape with a typical size of
4�1�0.1 mm3. Longitudinal and transverse �Hall� resistiv-
ities were measured in a physical property measurement sys-
tem �Quantum Design, Inc.�. The thermal conductivity was
measured with use of a steady-state method. Two thermom-
eters �CX-1050, Lakeshore Inc.� were utilized to measure the
longitudinal temperature gradient. The transverse tempera-
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ture gradient was measured using type E thermocouples
�T�40 K� and thermometers �5 K�T�80 K�.

Figure 1�a� shows the temperature dependence of the
electrical conductivity �xx for nominally pure Fe,
Fe0.997Si0.003, Fe0.99Si0.01, Fe0.99Co0.01, Fe0.97Co0.03, and
Fe0.9Co0.1. The �xx at the lowest temperature ��0� for nomi-
nally pure Fe is as large as 107 �−1 cm−1 but decreased by
doping Co or Si. In Fig. 1�c�, we show the temperature varia-
tions of the thermal conductivity �xx for nominally pure Fe,
Fe0.97Co0.03, and Fe0.997Si0.003. The magnetic-field depen-
dences of Hall resistivities, electric �yx and thermal wyx, at 5
K are shown in Fig. 2. While the Hall resistivity for nomi-
nally pure Fe shows quadratic field dependence, those for
Fe0.997Si0.003, Fe0.99Si0.01, and Fe0.97Co0.03 are composed of
well-defined H-linear normal and M-linear anomalous terms.
It is to be noted that the anomalous term is negative for
Fe0.997Si0.003 contrary to other specimens, signaling the sen-
sitivity of the low-temperature Hall resistivity to the species
and amounts of the impurities15 and hence to the impurity
scattering.

The anomalous parts of the Hall conductivities �xy
A and

�xy
A /T for all the samples are plotted as a function of tem-

perature in Figs. 1�b� and 1�d�. These are calculated from the
linear extrapolation from the high-field values above the
saturation field of the magnetization, as exemplified by
dashed lines in Fig. 2. The �xy

A and �xy
A /T for nominally pure

Fe cannot be deduced below 100 K because of difficulty in
estimating the anomalous part due to the high-field nonlinear
behavior of �yx and wyxT. The �xy

A and �xy
A /T for all the

samples are almost constant above 100 K, reminiscent of the
dominant intrinsic component both for the charge and heat
Hall transports. The difference in the �xy

A at high tempera-
tures ��100 K� among the samples may be ascribed to the
difference in Fermi energy which is dependent on the species
and amount of the dopant. For Si-doped Fe the �xy

A and �xy
A /T

decrease with decreasing temperature below 100 K. For Co-

doped Fe, by contrast, the �xy
A and �xy

A /T increase with de-
creasing temperature below 100 K. We plotted the low-
temperature change of �xy

A , �xy
s =�xy

A �T=5 K�−�xy
A �T

=207 K�, as a function of the longitudinal conductivity �xx
at the lowest temperature �5 K� in the inset of Fig. 2. As the
impurity content increases, the magnitude of �xy

s decreases
rapidly and the intrinsic AHE seems to become dominant.
The �xy

s is proportional to �xx with the positive and negative
slopes for Co-doped and Si-doped samples, respectively. The
linear relation agrees with the skew-scattering theory,2,9 and
the sign and slope should reflect the effective impurity po-
tential. The onset temperature of the skew scattering is al-
most identical ��100 K�. Thus, the contribution of the skew
scattering is also clearly observed in �xy

A /T below 100 K. As
described below, the Hall Lorenz number Lxy =�xy /�xyT at
the lowest temperature �5 K�, where the skew scattering to-
tally dominates the Hall effect, is �L0.

Figure 3 compares the thermal and electrical Hall conduc-
tivities at various temperatures for these samples. At any
temperature, the electrical and thermal Hall conductivities
��xy and �xy� for Fe0.97Co0.03 and Fe0.997Si0.003 are composed
of the M-linear anomalous part and the H-linear normal part,
apart from the indistinguishable feature for nominally pure
Fe below 100 K. The field dependence of �xy roughly scales
with that of �xy for all the samples. Nevertheless, the ratio of
the normal to anomalous components is different between
�xy and �xy in some cases �e.g., at 117 K for Fe and 86 K for
Fe0.997Si0.003�. This signals that the Lorenz number for
anomalous component Lxy

A =�xy
A /�xy

A T is different from that
for normal component Lxy

N =�xy
N /�xy

N T.13 On the basis of these
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FIG. 1. �Color online� Longitudinal and anomalous Hall con-
ductivities of charge and heat. Temperature �T� profiles of �a� the
electrical conductivity ��xx�, �b� the anomalous part of electrical
Hall conductivity ��xy

A �, �c� the thermal conductivity ��xx� divided
by T, and �d� the anomalous part of thermal Hall conductivity ��xy

A �
divided by T.
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FIG. 2. �Color online� Electrical and thermal Hall resistivities.
�a� and �b� Magnetic-field �B� dependence of the electrical and ther-
mal Hall resistivity ��yx=�xy / ��xx

2 +�xy
2 � and wyx=�xy / ��xx

2 +�xy
2 �,

respectively� at T=5 K for each sample. The dashed lines exem-
plify the extrapolation procedure for the estimate of the anomalous
Hall resistivity. The inset shows the skew-scattering-induced
anomalous Hall conductivity ��xy

s � �see text for definition� plotted
against the lowest-temperature conductivity ��0, inverse of residual
resistivity� at 5 K. Diamonds �red online� and squares �green on-
line� represent the data of Co-doped and Si-doped samples,
respectively.
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data, we show Lxy
A and Lxy

N in Fig. 4. For Fe0.97Co0.03, we
cannot obtain Lxy

N accurately above 120 K because of the
small magnitude of the normal Hall conductivity. Although
the Hall conductivity for nominally pure Fe below 100 K
cannot be decomposed into normal and anomalous parts, the
scaling of the whole field dependence of both the Hall con-
ductivities is fairly good in this temperature region. We plot
in Fig. 4�a� this Lorenz number Lxy for nominally pure Fe.
The Lxy

A for Fe0.97Co0.03 �Fig. 4�b�� increases gradually with
decreasing temperature from 300 K; almost coincides with
L0 around 150 K, but abruptly decreases below 80 K. After
showing a sharp minimum around 60 K, it recovers to L0 at
the lowest temperature. The Lxy

A for Fe0.997Si0.003 �Fig. 4�c��
varies with temperature similarly to the case of Fe0.97Co0.03
above 100 K. Below 100 K, however, it divergently increases
and then turns to a negative value at 71 K. Below 50 K, it
again increases toward L0 at the lowest temperature. These
steep changes in Lxy

A below 100 K are not discerned for the
higher-doped sample Fe0.99Si0.01 �not shown�. The Lxy

N for all
the samples shows a large downward deviation from L0 with
a broad minimum around 150 K. The total Lxy �with indis-
tinguishable normal and anomalous components� for nomi-
nally pure Fe shows a sharp minimum around 60 K similar to
the Lxy

A for Fe0.97Co0.03.
The effect of inelastic scattering as measured by the de-

viation of Lorenz number from L0 can be seen not only in Lxy
N

but also in the low-temperature ��100 K� Lxy
A . Around 150

K, the Lxy
A for all the samples is larger than Lxy

N and close to
L0. This indicates that the AHC is hardly affected by the
inelastic scattering in this temperature range; this is due to
the dissipationless nature of the Berry-phase-induced AHE.13

The abrupt change in Lxy
A for Fe0.97Co0.03 and Fe0.997Si0.003

occurs around the onset temperature ��100 K� of the skew

scattering in the electrical conduction. The decrease in Lxy
A

for Fe0.97Co0.03 can be thus ascribed to the nondissipative to
dissipative crossovers of AHE due to the emergence of skew
scattering at finite temperatures. The negative Lorenz num-
ber for Fe0.997Si0.003 at 71 K means that the direction of the
electrical current is opposite to that of the thermal current.
This surprising phenomenon can be explained as follows.
The Lorenz number can be defined for both the Berry-phase-
and the skew-scattering-induced AHCs, Lxy

B and Lxy
s . The Lxy

A

is then expressed as

Lxy
A =

�xy
s + �xy

B

�xy
s + �xy

B

1

T
=

Lxy
s �xy

s + Lxy
B �xy

B

�xy
s + �xy

B . �1�

Here, �xy
s , �xy

B , �xy
s , and �xy

B stand for the thermal and electri-
cal Hall conductivities induced by the skew scattering �ex-
trinsic� and the Berry phase �intrinsic�, respectively. Lxy

s is
quite temperature dependent, whereas Lxy

B is nearly constant
��L0� because of the dissipationless nature of the intrinsic
AHE. Note that the sign of �xy

s and �xy
s is opposite to that of

�xy
B and �xy

B for Fe0.997Si0.003. This is the reason why a nega-
tive value is observed for Lxy

A of Fe0.997Si0.003 in the crossover
temperature region. Conversely, the negative Lorenz number
for Fe0.997Si0.003 is viewed as the compelling evidence for the
existence of two distinct AHCs, i.e., induced by the skew
scattering and the Berry phase.

In conclusion, we have successfully identified the skew-
scattering contribution to the electrical Hall conductivity
��xy

s � as well as to the thermal one ��xy
s � for iron metals with

controlled doping of impurity. The Lorenz number for the
AHC is larger than that for the normal one and close to the
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value �L0� prescribed by the Wiedemann-Franz law in the
high-temperature region where the Berry-phase-induced in-
trinsic AHC is dominant. In the low-temperature region be-
low 100 K, by contrast, the Lorenz number for AHC is much
smaller than L0 or even negative. These features firmly evi-
dence the emergence of the dissipative Hall current induced
by the skew scattering in the low- ��100 K� but finite tem-

perature region, in addition to the persistent dissipationless
intrinsic anomalous Hall current.
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